Abstract. We obtain certain inequalities involving several intrinsic invariants namely scalar curvature, Ricci curvature and k-Ricci curvature, and main extrinsic invariant namely squared mean curvature for submanifolds in a locally conformal almost cosymplectic manifold with pointwise constant ϕ-sectional curvature. Applying these inequalities we obtain several inequalities for slant, invariant, anti-invariant and CR-submanifolds. The equality cases are also discussed.
Introduction
"To establish simple relationship between the main intrinsic invariants and the main extrinsic invariants of a submanifold" is one of the most fundamental problems in submanifold theory as recalled by B.-Y. Chen ([4] ). Scalar curvature and Ricci curvature are among the main intrinsic invariants, while the squared mean curvature is the main extrinsic invariant of a submanifold. For more details we refer to [5] .
On the other hand, there is an interesting class of almost contact metric manifolds which are locally conformal to almost cosymplectic manifolds ( [6] ). These manifolds are called locally conformal almost cosymplectic manifolds ( [9] ).
In this paper, we continue the study ( [11] ) of submanifolds tangent to the structure vector field ξ in locally conformal almost cosymplectic manifolds of pointwise constant ϕ-sectional curvature and obtain certain relations of intrinsic invariants, namely scalar, Ricci and k-Ricci curvatures, with the main extrinsic invariant, namely squared mean curvature for these submanifolds. The paper is organized as follows. Section 2 contains a brief introduction to locally conformal almost cosymplectic manifolds, while in section 3 some necessary details about different kind of submanifolds are presented. In section 4, we obtain inequalities with left hand side containing scalar curvature and right hand side containing squared mean curvature for slant, invariant, anti-invariant and CRsubmanifolds in locally conformal almost cosymplectic manifolds of pointwise constant ϕ-sectional curvature. The equality cases hold if and only if these submanifolds are totally geodesic. In section 5, we obtain an inequality involving Ricci curvature and squared mean curvature along with discussion of equality cases. We then apply these inequalities to find several inequalities for slant, invariant, anti-invariant and CR-submanifolds. In the last section, we find a relationship between the k-Ricci curvature and the squared mean curvature for slant, invariant, anti-invariant and CR-submanifolds.
Locally conformal almost cosymplectic manifolds
LetM be a (2m + 1)-dimensional almost contact manifold ( [2] ) endowed with an almost contact structure (ϕ, ξ, η) consisting of a (1, 1) tensor field ϕ, a vector field ξ, and a 1-form η satisfying ϕ 2 = −I+η⊗ξ and (one of) η(ξ) = 1, ϕξ = 0, η• ϕ = 0. The almost contact structure induces a natural almost complex structure J on the product manifoldM ×R defined by J(X, λd/dt) = (ϕX−λξ, η(X)d/dt), where X is tangent toM , t the coordinate of R and λ a smooth function oñ M × R. The almost contact structure is said to be normal ( [10] ) if the almost complex structure J is integrable. Let , be a compatible Riemannian metric with (ϕ, ξ, η), i.e., X, Y = ϕX, ϕY + η(X)η(Y ) or equivalently, Φ(X, Y ) ≡ X, ϕY = − ϕX, Y along with X, ξ = η(X) for all X, Y ∈ TM . Then, (ϕ, ξ, η, , ) is an almost contact metric structure onM , andM is an almost contact metric manifold.
If the fundamental 2-form Φ and the 1-form η are closed, thenM is said to be almost cosymplectic manifold ( [6] ). A normal almost cosymplectic manifold is cosymplectic ( [2] ). An almost contact metric structure is cosymplectic if and only if∇ϕ = 0, where∇ is the Levi-Civita connection of the Riemannian metric
, . An example of a manifold which has an almost cosymplectic structure which is not cosymplectic, can be found in [8] . A conformal change of an almost contact metric structure is defined by ϕ * = ϕ, ξ * = e −ρ ξ, η * = e ρ η, , * = e 2ρ , , where ρ is a differentiable function.M is said to be a locally conformal almost cosymplectic manifold if every point ofM has a neighborhood U such that U, ϕ * , ξ * , η * , , * is almost cosymplectic for some function ρ on U. Equivalently,M is locally conformal almost cosymplectic manifold if there exists a 1-form ω such that dΦ = 2ω ∧ Φ, dη = ω ∧ η and dω = 0 ( [9] ).
A plane section ̺ in T pM of an almost contact metric manifoldM is called a ϕ-section if ̺ ⊥ ξ and ϕ (̺) = ̺.M is of pointwise constant ϕ-sectional curvature if at each point p ∈M , the sectional curvatureK(̺) does not depend on the choice of the ϕ-section ̺ of T pM , and in this case for p ∈M and for any ϕ-section ̺ of T pM , the function c defined by c (p) =K(̺) is called the ϕ-sectional curvature ofM . A locally conformal almost cosymplectic manifold M of dimension ≥ 5 is of pointwise constant ϕ-sectional curvature if and only if its curvature tensorR is of the form ( [9] )
for all X, Y, Z ∈ TM , where f is the function such that ω = f η, f ′ = ξf ; and c is the pointwise ϕ-sectional curvature ofM .
Submanifolds
Let M be an n-dimensional Riemannian manifold. The scalar curvature τ at p is given by τ = i<j K ij , where K ij is the sectional curvature of the plane section spanned by e i and e j at p ∈ M for any orthonormal basis {e 1 , . . . , e n } for T p M .
then Gauss and Weingarten formulas are given respectively by∇ 
(2) for all X, Y, Z, W ∈ T M , whereR and R are the curvature tensors ofM and M respectively. Let {e 1 , ..., e n } be an orthonormal basis of the tangent space
The submanifold M is totally geodesic inM if σ = 0, and
, e r ) and
where e r belongs to an orthonormal basis {e n+1 , ..., e m } of the normal space
where K ij denotes the sectional curvature of the 2-plane section spanned by
For each integer k, 2 ≤ k ≤ n, the Riemannian invariant θ k on an n-dimensional Riemannian manifold M is defined by
where L runs over all k-plane sections in T p M and X runs over all unit vectors in L. Now, let M be an n-dimensional submanifold in an almost contact metric manifold. For a vector field X in M , we put
Thus, P is an endomorphism of the tangent bundle of M and satisfies X, P Y = − P X, Y for all X, Y ∈ T M . We can define the squared norm of P by
e i , P e j 2 for any local orthonormal basis {e 1 , e 2 , . . . , e n } for T p M . If the structure vector field ξ is tangential to M , then we write the orthogonal direct decomposition 
For each non zero vector X ∈ T p M , such that X is not proportional to ξ p , we denote the angle between ϕX and T p M by θ (X). Then M is said to be slant ( [3] , [7] ) if the angle θ (X) is constant, i.e., it is independent of the choice of p ∈ M and X ∈ T p M − {ξ}. The angle θ of a slant immersion is called the slant angle of the immersion. Invariant and anti-invariant immersions are slant immersions with slant angle θ = 0 and θ = π/2 respectively. A proper slant immersion is neither invariant nor anti-invariant.
Scalar curvature
Let M be an n-dimensional submanifold in a locally conformal almost cosymplectic manifoldM (c) of pointwise constant ϕ-sectional curvature c such that the structure vector field ξ is tangential to M . In view of (1) and (2), it follows that
for all X, Y, Z, W ∈ T M . Thus, the scalar curvature and the mean curvature of M at p satisfy ([11])
Thus, we are able to state the following Theorem 4.1 For an n-dimensional submanifold M in a locally conformal almost cosymplectic manifoldM (c) of pointwise constant ϕ-sectional curvature c such that ξ ∈ T M , the following statements are true. 1. We have
2. If M is a θ-slant submanifold, then
3. If M is an invariant submanifold, then
4. If M is an anti-invariant submanifold, then
5. If M is a CR-submanifold, then
where 2h = dim (D). 6. The equality cases of (9), (10), (11), (12) and (13) hold if and only if M is totally geodesic.
Proof. It is easy to verify that an n-dimensioanl θ-slant submanifold M of an almost contact metric manifold satisfies
for all X, Y ∈ T M . Consequently,
If M is a CR-submanifold, then
Inequality (9) follows from (8) . Using (15) in (9), we get (10). In (10), putting θ = 0 and θ = π/2 we get (11) and (12) respectively. Using (16) in (9), we get (13). The sixth statement is obvious in view of (8).
Ricci curvature
For an n-dimensional submanifold in an m-dimensional Riemannian manifold, let {e 1 , ..., e n } be a local orthonormal basis for T p M and {e n+1 , ..., e m } an orthonormal basis for the normal space T ⊥ p M . Then, it is easy to verify that at each point p ∈ M the squared second fundamental form and the squared mean curvature satisfy
The relative null space of M at a point p ∈ M is defined by ( [4] )
In [4] , B.-Y. Chen established a relationship between Ricci curvature and the squared mean curvature for a submanifold in a real space form as follows.
Theorem 5.1 Let M be an n-dimensional submanifold in a real space form R m (c). Then, 1. For each unit vector X ∈ T p M , we have
2. If H(p) = 0, then a unit vector X ∈ T p M satisfies the equality case of (18) if and only if X lies in the relative null space N p at p.
3. The equality case of (18) holds for all unit vectors X ∈ T p M , if and only if either p is a totally geodesic point or n = 2 and p is a totally umbilical point.
In this section, we find similar results for several kind of submanifolds in a locally conformal almost cosymplectic manifold. Theorem 5.2 Let M be an n-dimensional submanifold in a (2m + 1)-dimensional locally conformal almost cosymplectic manifoldM (c) of pointwise constant ϕ-sectional curvature c tangential to the structure vector field ξ. Then, the following statements are true.
(ii) For H(p) = 0, a unit vector X ∈ T p M satisfies the equality case of (19) if and only if X belongs to the relative null space N p at p.
(iii) The equality case of (19) holds identically for all unit vectors X ∈ T p M , if and only if either n = 2 and p is a totally umbilical point or p is a totally geodesic point.
Proof. We choose an orthonormal basis {e 1 , ..., e n , e n+1 , ..., e 2m+1 } such that e 1 , ..., e n are tangential to M at p. From (7), we get
which gives
From (8) and (17), we get
which in view of (20) provides
Since e 1 = X can be chosen to be any arbitrary unit vector in T p M , therefore the above equation implies (19). In view of (22), the equality case of (19) If H(p) = 0, (23) implies that e 1 = X belongs to the relative null space N p at p. Conversely, if e 1 = X lies in the relative null space, then (23) holds because H(p) = 0 is assumed. This proves statement (ii). Now, we prove (iii). Assume that the equality case of (19) for all unit tangent vectors to M at p ∈ M is true. Then, in view of (22), for each r ∈ {n + 1, . . . , 2m + 1}, we have
Thus, we have two cases, namely either n = 2 or n = 2. In the first case p is a totally umbilical point, while in the second case p is a totally geodesic point. The converse is obvious.
The above theorem implies the following results for slant, invariant and antiinvariant submanifolds.
5.
The equality case of (26), (27) and (28) holds identically for all unit vectors X ∈ T p M , if and only if either n = 2 and p is a totally umbilical point or p is a totally geodesic point.
Proof. In a θ-slant submanifold, for a unit vector X ∈ T p M , in view of (14), for a unit vector X ∈ T p M , we get P X 2 = P X, P X = cos
Using this in (19), we get (26). Putting θ = 0 and θ = π/2 in (26), we have (27) and (28) respectively. Fourth and fifth statements are obvious.
We also have the following Corollary 5.4 Let M be an n-dimensional CR-submanifold in a locally conformal almost cosymplectic manifoldM (c) of pointwise constant ϕ-sectional curvature c. Then, the following statements are true.
1. For each unit vector X ∈ D, we have
2. For each unit vector X ∈ D ⊥ , we have
3. If H(p) = 0, a unit vector X ∈ D (resp. D ⊥ ) satisfies the equality case of (29) (resp. (30)) if and only if X ∈ N p .
k-Ricci curvature
In this section, we prove a relationship between the k-Ricci curvature and the squared mean curvature for submanifolds in a locally conformal almost cosymplectic manifoldM (c) of pointwise constant ϕ-sectional curvature c such that ξ ∈ T M . Theorem 6.1 Let M be an n-dimensional submanifold in a (2m + 1)-dimensioanl locally conformal almost cosymplectic manifoldM (c) of pointwise constant ϕ-sectional curvature c such that ξ ∈ T M . Then we have
Proof. Choose an orthonormal basis {e 1 , ..., e n , e n+1 , ..., e 2m+1 } at p such that e n+1 is parallel to the mean curvature vector H(p) and e 1 , ..., e n diagonalize the shape operator A n+1 . Then the shape operators take the forms 
A r = h therefore, we get
From (34) and (35), we obtain n 2 H 2 ≥ 2τ + n H 2 − 1 4 n(n − 1) c − 3f
which gives (31).
Next, we prove the following Theorem 6.2 Let M be an n-dimensional submanifold in a locally conformal almost cosymplectic manifoldM (c) of pointwise constant ϕ-sectional curvature c such that ξ ∈ T M . Then, for each integer k, 2 ≤ k ≤ n, and every point p ∈ M , we have 
